Abstract. Let f : (C n , 0) → (C n+1 , 0) be a map-germ of corank 1, and, for 1 ≤ k ≤ multiplicity(f ), let D k (f ) be its k'th multiple-point scheme -the closure of the set of ordered k-tuples of pairwise distinct points sharing the same image. There are natural projections
Introduction
The multiple point spaces of a map-germ (C n , 0) → (C p , 0) with n < p play an important rôle in the study of its geometry, as well as the topology of the image of a stable perturbation ( [14] , [12] , [5] ).
Formally, the k'th multiple point space D k of a finite proper map between topological spaces is the closure of the set of k-tuples of pairwise distinct points having the same image under the map. A closed formula for an ideal defining D k (f ) in some smooth ambient space is in general not available. However, for k = 2 the ideal (1) I 2 := (f × f ) * I ∆p + Fitt 0 (I ∆n /(f × f ) * I ∆p )
where I ∆n and I ∆p are the ideal sheaves defining the diagonals ∆ n in C n × C n and ∆ p in C p × C p , gives a scheme structure with many desirable qualities: if f is dimensionally correct -that is, if D 2 (f ) has the expected dimension, 2n − p, then D 2 (f ) is Cohen Macaulay. If moreover f is finitely determined (for left-right equivalence), or, equivalently, has isolated instability, then provided its dimension is greater than 0, D 2 (f ) is reduced. If the corank of f (the dimension of Ker df 0 ), is equal to 1, much more is possible. An explicit list of generators for the ideal defining D k (f ) in (C n ) k was given in [14] and [12] . The second paper shows that a finite corank 1 map-germ f : (C n , 0) → (C p , 0) is stable if and only if each D k (f ) is smooth of dimension p − k(p − n), or empty, for all k ≥ 2. Moreover, it is finitely A-determined if and only if D k is an ICIS of dimension p − k(p − n) or empty for those k with p − k(p − n) ≥ 0, and 
D
k consists at most of only the origin if p − k(p − n) < 0 (see, e.g., [11] , [5] for other results).
Any map-germ of corank 1 can be written with respect to suitable coordinates, in the form (2) f (x, y) = x, f n (x, y), . . . , f p (x, y) .
where x := x 1 , . . . , x n−1 and y together make a coordinate system on C n . Provided f is finite, it follows that the local algebra Q(f ) := O C n ,0 /f * m C p ,0 is isomorphic to C[y]/(y r+1 ), where r + 1 is the multiplicity of f , and O C n ,0 is minimally generated over O C n+1 ,0 by 1, y, . . . , y r . The main result of this paper relates a presentation of
is a finite and generically one-to-one map-germ of corank 1 for which D k (f ) has dimension n − k + 1 or is empty, and that y ∈ O C n ,0 is a germ such that 1, y, . . . ,
is a minimal resolution of O C n ,0 with Λ symmetric and G = 1 y · · · y r , then for any k = 1, . . . , min(r, n), there is an exact sequence
k is the matrix obtained from Λ by deleting the first k rows and columns. We will prove this theorem in Section 3.1. In [9, Prop. 3.2], Kleiman, Lipman and Ulrich proved that for a finite map F : X → Y of locally Noetherian schemes of dimensions n and n + 1,
as O X -modules, (under some additional hypotheses: F is of corank 1, flat dimension 1, and Y satisfies Serre's condition (S 2 ) [2, Theorem 11.5 (i)]). Here µ is the multiplication map a ⊗ b → ab. Moreover, Lemma 3.9] ). This equality, for a finite and generically one-toone map-germ of corank 1 from C n to C n+1 , is an easy consequence of our main theorem.
In Proposition 4.1 we prove that for a finite and generically one-to-one map-germ f : (C n , 0) → (C n+1 , 0) of any corank, ker(µ) has resolution
This, together with the main theorem, provides an alternative proof of (4) for generically one-to-one map-germs of corank 1 in dimensions (n, n + 1). In the corank ≥ 2 case, Ker(µ) and O D 2 (f ) are no longer isomorphic. This is evident from the fact that Ker(µ) is a Gorenstein O C n ,0 -algebra, for it has a presentation given by a symmetric matrix ([10, Theorem 2.3]), whereas O D 2 (f ) is not Gorenstein. However, there exists a map between the resolutions of O D 2 (f ) and O C n ,0 ⊗ O C n+1 ,0 O C n ,0 over O C n ,0 (see Appendix A). Examples suggests that a comparison of the form (5) should hold for i = 1, 2 in the case of map-germs of corank ≥ 2 that are generically one-to-one (see Example 3.6). In [1] , we proved that 
n,p with the same ℓ-jet as f is A-equivalent to f . Furthermore, f is finitely A-determined, or A-finite, if it is ℓ-Adetermined for some ℓ < ∞. By fundamental results of Mather, finite determinacy is equivalent to the finite dimensionality of
, and thus (if f is not stable) to 0 ∈ C p being an isolated point of instability of f .
2.2.
Multiple point spaces. Given a map f : X → Y , we set
and define the k'th multiple point space of f ,
(where the closure in taken in
is not empty. We extend this definition to germs of maps by taking the limit over representatives; if f ∈ E 0 n,p is finite, the local conical structure guarantees that we obtain in this way a well defined germ at 0 ∈ (C n ) k . We will shortly endow D k (f ) with an analytic structure in case f is a germ of corank 1. This structure will be compatible with unfolding, and this will lead to a definition of D k (f ) even in cases where
is empty. For convenience of notation we sometimes write
; we give it an analytic structure by means of the ideal
. . , k − 1 and j = n, . . . , p, which are defined iteratively by
There is a natural action of S k on D k (f ) which permutes the coordinates y 1 , . . . , y k . See [14, Proposition 3.6] for a set of S k -invariant generators for I k (f ).
Only in the case where it is 0-dimensional does the set defined by this ideal differ from the set defined by (8); the latter is evidently empty in this case.
For a stable map-germ, I k (f ) is reduced ([12, Proposition 2.14]) for all k. In [12, Proposition 2.16] it is shown that the following definition, which also deals with the case where
is compatible with the definition in terms of the ideal
where u 1 , . . . , u k are the unfolding parameters, and D k (F ) is given its reduced structure.
It is straightforward to check that this is independent of the choice of stable unfolding, and is compatible with unfolding in the sense that for any germ of unfolding
in which the vertical arrows are projections to the base and the horizontal arrows are inclusions, is a fibre square. For a finite f ∈ E 0 n,p , the k'th multiple point space on the target is the set
(where preimages are counted with multiplicity) with analytic structure defined by
If f ∈ E 0 n,n+1 is finite and Q(f ) has C-basis g 0 = 1, g 1 , . . . , g r , then there is an induced resolution of O C n ,0 over O C n+1 ,0 of length 1 of the form
where G := 1 g 1 . . . g r and Λ is an (r + 1) × (r + 1)-matrix with entries λ ij ∈ O C n+1 ,0 for i, j = 0, . . . , r. Moreover, Λ can be chosen to be symmetric ( [16] ). In this setup,
.
By an induction, we find R 
This is a quotient of Q(f ).
Example 2.4. For the stable map-germ
we have Q(h) = C · {1, y, z, yz} and Q(π 2 1 (h)) = C · {1, y 2 , z 2 }. Example 2.5. For the stable map-germ
we find Q(h) = C · {1, y, y 2 , z} and Q(π
2.3. Pull-backs of map-germs. By Mather's results ( [13] ), if f ∈ E 0 n,p is finite then there exists a stable germ F : (C N , 0) → (C P , 0) and a germ of immersion g : (C p , 0) → (C P , 0) with g transverse to F , such that f is obtained as a fibre product
since Fitting ideals commute with base change ( [18, §1] ). Indeed we have
Proof. This is an easy consequence of the right exactness of tensor products and the fact that det(g * Λ) is identically 0 only if im(g) ⊆ im(F ), which contradicts the assumption on the dimension of X. 
is also stable and of corank 1 for all k ( [4] ). So, φ induces
The isomorphism (12) can be extended to finite map-germs of corank 1. First we note, 
Proof. By definition,
Throughout the first part of this section we suppose that f : (C n , 0) → (C n+1 , 0) is stable of corank 1 and multiplicity r + 1. Writing f with respect to linearly adapted coordinates, for each k we embed D k (f ) into C n−1 × C k , as explained in Subsection 2.2. On C n−1 ×C k we take coordinates x 1 , . . . , x n−1 , y 1 , . . . , y k , or simply x, y 1 , . . . , y k . Finally, we assume given a symmetric matrix Λ = (λ ij ) presenting O C n over O C n+1 with respect to generators 1, y, . . . , y r . Now let Λ k k be the matrix Λ with its first k rows and columns deleted, and let Λ k be the matrix Λ with its first k rows, but not columns, deleted. We will see that for each k, Λ k k is the matrix of a presentation of O D k+1 (f ) over O D k (f ) , with respect to generators obtained from 1, y, . . . , y r by a procedure involving iterated interpolation and division. Before giving the proof for all k, we show it in the case k = 1.
From each relation
we obtain (15) from (14), we get
Dividing by y 1 − y 2 , which is not a zero-divisor on D 2 (f ) since the intersection of D 2 (f ) with {y 1 = y 2 } is the non-immersive locus, which has dimension n − 2, less than the dimension of D 2 (f ), we get 1, y, . . . , y r ) t = 0 and therefore
This last argument is not needed in the proof which now follows, but perhaps helps to explain the result.
Proof. Consider the diagram
• A is a presentation of O D 2 (f ) with respect to the generators (17), which we may assume square, and which is certainly minimal; • α, sending the class of the i'th generator of O r C n to the i'th member of the set (17) , is an epimorphism by virtue of the fact that the members of (17) generate O D 2 (f ) , • α 0 and α 1 are successive lifts of α, Because α is an epimorphism, so is α 0 , and its injectivity follows. Up to multiplication by a unit, det is generically one-to-one. Now since det α 0 is a unit, it follows by commutativity of the diagram that det α 1 is also a unit. Thus α is an isomorphism and
We now go on to prove inductively that for each k with 2
. At the induction step we produce a set of generators for
, by the same procedure -interpolation and division -with which we obtained the set (17) .
New generators:
We apply this procedure to the set (17): for each member g i (x, y 1 , y 2 ) − g (2) i (x, y 1 , y 3 ) y 2 − y 3 , by this means obtaining the set (21) 1, y 1 + y 2 + y 3 , . . . ,
Note that the cardinality has decreased by 1.
is a sum of all monomials of degree i in y 1 , . . . , y k−1 , and in particular g
Proof. The second statement is easily proved by induction. The first statement follows:
Proof. The procedure is exactly what we described in equations (13) through (16) .  If (x, y 1 , . . . , y k+1 ) ∈ D k+1 (f ) then subtracting (23), evaluated at (x, y 1 , . . . , y k−1 , y k+1 ), from its evaluation at (x, y 1 , . . . , y k ), we kill the first term. Note that the values of the µ i do not change, since π x, y 1 , . . . , y k ). Now dividing by y k − y k+1 , we obtain (24).
Proof. Induction on k. Once again, the induction step follows the proof of the case k = 2. Assume k ≤ min(r, n) so that dim D k+1 (f ) ≥ 0 and Λ
is smooth -we may assume that this presentation is given with respect to the generators g
r−k+1 . Then by Lemmas 3.2 and 3.3,
r−k . The argument of the proof of 3.1, applied to the analogous diagram
is only a projection onto the first (k − 1) components.
3.1. Proof of the main theorem.
be a parametrised stable unfolding of f . Then,
By an induction on k and the principal of iteration, we deduce that π k+1 k (f ) is also generically one-to-one and that
is exact. Since Λ| u=0 is a presentation of O C n ,0 over O C n+1 ,0 , the main result follows.
Consequently, Corollary 3.5 (cf. Lemma 3.9, [9] ). Let f ∈ E 0 n,n+1 be finite and generically oneto-one map-germ of corank 1. Then
The following examples show that for map-germs of corank ≥ 2, in general (28) holds only for i = 1, 2.
Example 3.6. For the stable map-germ of Example 2.4, one calculates that
The same equalities, and inequalities, hold for the map-germh of Example 2.5.
Another corollary to the main theorem is the following. 
is also stable of corank 1. Therefore, the statement follows by [17, Theorem 1.2] which states that if F : (C r , 0) → (C r+1 , 0) is stable and of corank 1, and if Λ is a symmetric presentation of F * O C r with respect to generating set 1, g 1 , . . . , g s , then det Λ · det Λ 1 1 defines a free divisor in C r+1 .
Remark 3.8. With the hypotheses of the main theorem, the ideal Appendix A. Lifting of presentations
Consider the set
which was referred to as idiot's multiple point space by Houston ([7] ). Notice that D k (f ) and ID k (f ) agree outside the diagonal of (C n ) k , and D k (f ) ⊂ ID k (f ). In particular, ID 2 (f ) is the fibre product (C n × C n+1 C n , 0) defined by the commutative diagram
where pr 1 (resp. pr 2 ) is the projection to the first (resp. the second) factor. The Remark A.2. Let f ∈ E 0 n,n+1 be of corank ≥ 2 with Q(f ) = C · {1, g 1 , . . . , g r }.
Suppose that q(f ) = q(π 2 1 ). Let Λ be the matrix of a presentation of f * O C n
